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ABSTRACT 

We present a detailed investigation of scattering processes in W3 string 
theory. We discover further physical states with continuous momentum, 
which involve excitations of the ghosts as well as the matter, and use them 
to gain a better understanding of the interacting theory. The scattering 
amplitudes display factorisation properties, with states from the different 
sectors of the theory being exchanged in the various intermediate channels. 
We find strong evidence for the unitarity of the theory, despite the unusual 
ghost structure of some of the physical states. Finally, we show that by 
performing a transformation of the quantum fields that involves mixing the 
ghost fields with one of the matter fields, the structure of the physical states 
is dramatically simplified. The new formalism provides a concise framework 
within which to study the W3 string. 
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1. Introduction 

Since the discovery of W3 symmetry [1] in two-dimensional field theories much work has 
been carried out on the construction of W^-string theories [2-12]. Most of these efforts have 
been concerned with the understanding of their physical spectra [2-10,12]. Until recently, 
attention had been focussed on physical states with standard ghost structure, which are 
direct analogues of the physical states in the usual 26-dimensional bosonic string. It has 
been recently realised that there are also physical states with non-standard ghost structure 
in the W3 string, i.e. states that involve excitations of the ghost fields as well as the matter 
fields [13,9-12]. Unlike the two-dimensional string, where states of this kind occur too [14,15], 
they exist not only in the two-scalar W3 string where the momenta are discrete, but also in 
the multi-scalar W3 string where the momenta are in general continuous. The occurrence of 
states involving excitations of the ghost fields in the physical spectrum is rather unusual in 
a gauge theory, and normally one might expect that it would be associated with a violation 
of unitarity. However, as was discussed in [11], and will be explored further in this paper, 
it seems that these states are unitary, and furthermore, they are an essential ingredient of 
the W3 string. In fact, as we recently showed [11], the existence of physical states with non- 
standard ghost structure resolves the long-standing puzzle of how to introduce interactions 
in the W3 string. 

As in ordinary string theory, interactions have to be introduced by hand. The guiding 
principle that determines acceptable interactions is that they should respect the symmetries 
of the theory. This means in the present context that they should lead to BRST-invariant 
scattering amplitudes. The stumbling-block to introducing interactions in the W3 string was 
that for a long time only the physical states with standard ghost structure were known, 
and with these it appears to be impossible to write down any non-vanishing BRST-invariant 
amplitude. The reason for this is that these physical states, and indeed all physical states 
in the W3 string, have specific values of momentum in a particular "frozen" direction, and 
the particular values that occur for the states with standard ghost structure imply that 
momentum conservation in this direction cannot be satisfied in interactions. 

In [11], we presented a procedure for building gauge- invariant scattering amplitudes in 
the W3 string. An essential aspect is that non-vanishing scattering amplitudes necessarily 
involve external physical states with non-standard ghost structure. The problem with mo- 
mentum conservation in the frozen direction is avoided because these states have different 
values of frozen momentum from those of the states with standard ghost structure. In this 
paper we shall review and elaborate on this procedure, resolve some open problems in [11], 
and begin the unravelling of the general structure of IU3-string scattering. 

The paper is organised as follows. Section 2 contains a summary of the main results in 
[11] and outlines several issues that we shall explore further in this paper. 
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We begin section 3 by finding new physical states of the W3 string; they have higher 
levels, and lower ghost numbers, than the ones that were known previously. All the physical 
states we know fall into two categories: those with continuous on-shell spacetime momentum, 
and those where the on-shell spacetime momentum can only take a discrete value (in fact, 
zero). The new physical states enable us to gain a better understanding of the interactions of 
the W3 string. In particular, we are now able to construct certain interactions that could not 
have been obtained with the physical states of [11] alone. We then explain how the physical 
states can be organised into multiplets and discuss their structure in detail. One of the main 
features that emerges from the examples of physical states with continuous momentum that 
we have constructed is that they all admit an effective spacetime interpretation. By this we 
mean that a physical state of this kind factorises into a direct product of a piece involving the 
ghost fields together with the frozen coordinate, and another piece involving the remaining 
coordinates which can then be viewed as the coordinates of the target spacetime. Moreover, 
we find that from the effective spacetime point of view, these states fall into three sectors, 
with effective conformal dimension = 1, i| and |. 

In section 4 we use the known physical states to build new four-point and five-point 
scattering amplitudes. One of these is a four-point function for four physical states in the 
Lq S = 1 sector. It provides a useful non-trivial check of our procedure, since it should, and 
indeed does, agree with the corresponding result in ordinary bosonic string theory (at tree 
level). We also show that physical states in the Lq S = i| sector play a special role in the 
theory in that there are only very limited possibilities for them to interact with other states. 
Specifically, we find that no more than two of the physical states in a non- vanishing iV-point 
function can have Lq S = j|. 

Section 5 is divided into two subsections. In the first we make some general observations 
about the physical spectrum of the W3 string and derive necessary conditions for the level 
numbers and momenta in the frozen direction of physical states which admit an effective 
spacetime interpretation and have L^ ff taking values in the set {1, j|, |}. In the second 
subsection we consider the unitarity of the theory. We show that if all the physical states 
with continuous momentum indeed admit an effective spacetime interpretation and have the 
above values of Lq , then the W3 string is unitary. Further evidence for unitarity comes 
from looking at the residues of the poles of the scattering amplitudes. 

Motivated by the fact that all the continuous-momentum physical states known so far 
admit an effective spacetime interpretation, in section 6 we introduce a formalism that 
exploits this. It consists of making a certain transformation of the quantum fields, which 
mixes the ghost fields with the frozen coordinate. It is a canonical transformation, in the 
sense that the new fields satisfy the same set of operator-product expansions as the original 
ones. In terms of these redefined fields, the known physical operators acquire a remarkably 
simple form. A striking example is provided by a level 8 physical operator, which reduces 
from 82 terms to 4 after transforming to the new fields. Moreover, this formalism will make 
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more transparent some of the features of the W$ string that we have encountered in this 
paper. The simplification achieved by this transformation is highly suggestive that the new 
formalism is the appropriate one for describing the W3 string. 

The paper ends with concluding remarks in section 7. 



2. A review of the W 3 string 

In this section we review the procedure and main results of [11]. In order to make the 
present paper as self-contained as possible, and in order to establish notation, a certain 
amount of repetition is unavoidable. 

The key ingredient for determining the physical spectrum of the W3 string is the con- 
struction of the BRST operator [16], which is given by 



Q B = jdz [c (T + ±T gh ) + 7 (W + iWgh)] , (2.1) 



and is nilpotent provided that the matter currents T and W generate the W3 algebra with 
central charge c = 100, and that the ghost currents are chosen to be 

T gh = -2b dc - db c - 3(3 <9 7 - 2d[3 7 , (2.2) 
W gh = -8(3 c - 3/3 dc - ^ [d(b 7 T) + b d 1 T] 

+ yffg (2 7 d 3 b + 9<9 7 d 2 b + 15<9 2 7 db + 10<9 3 7 ft) , (2.3) 

where the ghost-antighost pairs (c, b) and (7, (3) correspond respectively to the T and W 
generators. A matter realisation of W3 with central charge 100 can be given in terms of 
n > 2 scalar fields, as follows [17]: 



T = -\{d^) 2 -Qd 2 ip + T eS , 



W 



2i 



V261 



Udip) 3 + Qd<pd 2 <p + lQ 2 d 3 ip + 2dipT eS + QdT 



eff 



(2.4) 



where Q 2 = and T eff is an energy-momentum tensor with central charge 4^ that commutes 
with (p. Since T eff has a fractional central charge, it cannot be realised simply by taking free 
scalar fields. We can however use d scalar fields X M with a background-charge vector a M : 

T eff = -IdX^dX^ - ia^X^, (2.5) 

with a M chosen so that ^- = d — \2a [li a il [17]. 

Physical states are by definition states that are annihilated by the BRST operator (2.1) 
but that are not BRST trivial. Such states with standard ghost structure are of the form: 

|X> = |— )®\<P,X)- (2-6) 
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Here | ) is the standard ghost vacuum, given by 

| > = ci7i 72 |0>. (2.7) 

The SL(2, C) vacuum satisfies 

Cn |0) = 0, n>2; 6 n |0> = 0, n > -1, (2.8a) 

7n |0) = 0, n>3; /3 n \0) = 0, n > -2. (2.86) 

The antighost fields b, (3 have ghost number G — — 1, and the ghost fields c, 7 have ghost 
number (7=1.* 

For standard states of the form (2.6), the condition of BRST invariance becomes [16]: 

(L -4)\<p,X) = 0, 

W o \ip,X) = 0, (2.9) 
L n \<p,X) = W n \ip,X) = 0, n>\. 

The consequences of these physical-state conditions have been studied in detail in various 
papers [3-8,10]. The main features that emerge are the following. There are two kinds of 
excited states, namely those for which there are no excitations in the ip direction, and those 
where ip is excited too. The latter states are all BRST trivial, as has been discussed in 
[6,8,18]. For the former, we may write |y?,X) as 

|v?,X) = e^°)|phys) efr , (2.10) 

where |phys) eff involves only the X M fields and not (p. (There will be no confusion between 
the frozen momentum (3 and the spin-3 antighost f3.) The physical-state conditions (2.9) 
imply that 

(/3 + Q)(/3+fQ)(/3 + fQ) = 0, (2.11) 
together with the effective physical-state conditions: 

(Lf -A)|phys> eff = 0, 

Lf |phys) eff = 0, n>l. 

The value of the effective intercept A is 1 when (3 = — |Q or — |Q, and it equals y| 
when (3 = —Q. Thus these states of the W3 string are described by two effective Virasoro- 
string spectra, for an effective energy-momentum tensor T efT with central charge c = ^ and 
intercepts A = 1 and A = j|. The first of these gives a mass spectrum similar to an ordinary 



* For states, we follow the convention in [11] that the ghost vacuum | ) has ghost number G = 0, 

which means that the SL(2, C) vacuum |0) has ghost number G = —3. This implies that physical states of 
ghost number G are obtained by acting on |0) with operators of ghost number (G + 3). 
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string, with a massless vector at level 1, whilst the second gives a spectrum of purely massive 
states [5,6]. 

As we have indicated in the introduction, the W^-string spectrum is much richer than 
simply that of the standard physical states we have discussed so far. Although the classifica- 
tion of physical states with non-standard ghost structure is as yet incomplete, some classes 
of such states have been found [9,11,12]. They contain excitations of the ghost and antighost 
fields as well as the matter fields. The level number £ of these states is defined with respect 

to the ghost vacuum | ) given in (2.7). Thus, for example, the SL(2,C) vacuum |0) has 

level number £ = 4 and ghost number G = —3, since it can be written as (3-2{3-ib-i\ ). It 

is straightforward to see that at level £, the allowed ghost numbers of states (not necessarily 
physical) lie in the interval 

i - [VaI+T] <g<i + [ViZTT] , (2.13) 

where [a] denotes the integer part of a. 

All the physical states in the W3 string occur in multiplets [9,11]. The members of a 
multiplet are obtained by (repeatedly) acting with the G = 1 operators = [Qb, 1 ^] and 
a x ^ = [Qb, AT m ] on a physical state that we call a prime state. Until now the known examples 
of prime states occurred either at ghost number G = (in the case of states with standard 
ghost structure), or at G = — 1 or G = — 3 (in the case of states with non-standard ghost 
structure). The corresponding operators have ghost numbers G = 3, G = 2 or G = 0. All 
physical states in the W3 string occur with if momentum frozen to specific values. Examples 
of physical states at level I = 0, 1, 2, 3 were given in [11] and used for calculating scattering 
amplitudes. All the prime operators of [11] have an effective spacetime interpretation, in 
the sense that they can be written as products of the form V = U eS , where 

involves only the ghosts and the if field, and ?7 eff involves only the effective spacetime 
coordinates X^. We have already seen from (2.6) and (2.10) that states with standard ghost 
structure give physical operators of this form, with U eS having effective intercepts Lq S = 1 
or i| as measured by T eff . The prime operators with non-standard ghost structure discussed 
in [11] can have three possible values for Lq S , namely 1, y| or \. In section 3 we shall find 
new prime states at £ = 4, G = -2; £ = 5, G = -2; and £ = 8, G = -3.* They again 
all admit an effective spacetime interpretation, with the same three values of Lff . By using 
these new states in scattering calculations, we shall be able to clarify some unresolved issues 
in [11]. We shall also describe the structure of the multiplets in the multi-scalar W% string. 
As we shall see, for the physical states described above, the ghost boosters and a xii 
generate a quartet from a given prime state. 

* In [11], a physical state at £ = 3, G = — 1 given by the operator (A. 12) of [11] was inadvertently 
described as a prime state. In fact the prime state at this level occurs at G = —2, and corresponds to the 
operator given in (A7) of this paper; the state used in [11] is obtained by acting with the ghost boosters a v 
and a Xfl on this prime state. 
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Scattering amplitudes are obtained by integrating over the worldsheet coordinates of 
physical operators in correlation functions. For the W3 string the correlation functions are, 
by definition, given by functional integrals over all the quantum fields of the theory, namely 
the ghosts b, c, (3 and 7, the tp field, and the effective spacetime coordinates X M . These 
functional integrals can, as usual, be conveniently calculated by using the techniques of 
conformal field theory. 

A physical operator, denoted generically by V(z), is by definition a non-trivial BRST- 
invariant operator that gives rise to the physical state V(0) |0). In particular, it has conformal 
dimension 0, as measured by the total energy-momentum tensor T tot = T + T gh . (Note that 
V(z) includes ghosts as well as the matter fields.) In an iV-point scattering amplitude one 
can use the SL(2,C) invariance of |0) to fix the worldsheet coordinates of three of the 
operators in the correlation function, leaving (N — 3) coordinates over which to integrate. 
For conformal covariance one must integrate over operators of dimension 1. As in string 
theory [19], this can be achieved by making the replacement 



where the subscript on the contour integral indicates that it should be evaluated around a 
path enclosing z. In fact this procedure not only preserves the projective structure but also 
gives scattering amplitudes that are invariant under the BRST transformations generated 
by (2.1) [11]. This is because the BRST variation of the right-hand side of (2.14) is a total 
derivative. Note that one cannot use the spin-3 antighost (3 in place of b in (2.14), since it 
would not give BRST-invariant amplitudes. 

In the ordinary 26-dimensional bosonic string, the physical operators all have the form 
V(z) = (cU)(z) (or its conjugate, (dccU}{z)), where U(z) involves only the coordinates 
X M but no ghosts. If the replacement (2.14) were not made in (N > 4)-point functions (and 
accordingly, the corresponding worldsheet coordinate were left unintegrated) , the results 
would certainly be BRST invariant. However, they would trivially be zero, since the non- 



other hand, physical operators do not all have the standard ghost structure, so it is no 
longer a priori obvious that the replacement (2.14) is required in order to get non-zero 
results for BRST-invariant (N > 4)-point scattering amplitudes. Nevertheless, it seems that 
the corresponding correlation functions in the W3 string vanish unless the replacement (2.14) 
is made, as we shall discuss in section 6. (The situation is different if physical states with 
discrete effective-spacetime momentum are involved; see section 4.) 

In order to identify which correlation functions might be non-vanishing, it is useful first 
to consider two necessary conditions [11]. If these conditions are satisfied, then it becomes 
a matter of more detailed calculation to determine the result. The first of the necessary 
conditions is that the total ghost structure of the product of operators in the correlation 




(2.14) 



zero ghost inner product 




In the W3 string, on the 
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function should be appropriate. Specifically, the non-vanishing ghost inner product in the 
Ws string is given by 

1 = <0|c_ic ci7_27-i7o7i72|0) = ^<0|<9 2 c<9cc<9Sd 3 7<9 2 7<97 7|0) . (2.15) 

(See [11] for a more detailed discussion.) Note that in particular the total ghost number of 
the operators in a non- vanishing correlator must be 3 + 5 = 8. 

The second of the necessary conditions for obtaining a non- vanishing correlation function 
is that momentum conservation must be satisfied. Owing to the presence of the background 
charges, this implies that we must have J2i=i Pi = ^ 2a M in the effective spacetime, together 
with 

JV 

J2& = -2Q (2.16) 

in the ip direction. For states of continuous spacetime momentum p M , as indeed we have in 
the multi-scalar W3 string, momentum conservation in the X M directions can be straightfor- 
wardly satisfied. However, the momentum j3 in the ip> direction can only take specific frozen 
values in physical states. (For physical states with standard ghost structure this follows from 
(2.11); it is true also for states with non-standard ghost structure, as we shall see again in 
the next section.) Thus it is in general non-trivial to satisfy momentum conservation in the 
ip direction. Note that (2.16) is an extremely restrictive condition; indeed it implies that 
(N > 3)-point correlation functions built exclusively from physical operators of standard 
ghost structure will vanish, as may be seen from (2.11). It is worth emphasising that even 
though ip does not admit the interpretation of being an observable spacetime coordinate, 
the functional integration over it, and in particular over its zero-mode, determines a very 
stringent W3 selection rule [11]. 

Using the procedure outlined above, we calculated various three-point and four-point 
functions in [11], with the physical states given therein. A number of patterns emerged, which 
we shall be able to develop further with the results of the present paper. In particular, it was 
found that physical states seem to be characterised by their effective spacetime structure, in 
the sense that physical states with the same Lg ff values but different ghost and <p dependence 
give identical results in correlation functions, modulo an overall constant factor. This factor 
depends on the normalisation of the states, and furthermore would be zero if, for example, 
a selection rule such as (2.16) forbade a particular interaction. 

It was found in [11] that non- vanishing three-point functions can occur for physical 
operators with Lf values of {1, 1, 1}, {if, ±f, 1}, {§, \, 1} and {±f, if, §}. All 
other three-point functions vanish. These results for three-point functions are in one-to-one 
correspondence with the fusion rules of the two-dimensional Ising model, if one associates the 
Lg ff = 1 sector with the identity operator 1, the Lq E = jf sector with the spin operator a, and 
the Lq S = I sector with the energy operator e. This makes more precise the numerological 
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connection between W% strings and the Ising model which emerges from the analysis of the 
spectrum [3,6,10]. In particular, the central charge of the effective energy-momentum tensor 
is 4j- = 26 — 2, where 26 is the critical central charge of the usual bosonic string, and \ is the 
central charge of the Ising model; moreover, the set of L^ ff values {1, y|, -|} can be written 
as 1 — A m ; n , where 1 is the intercept of the usual bosonic string and A m j n takes the values 
of the dimensions of the primary fields {1, a, e} of the Ising model. 

One of the interesting results of [11] is that this connection between the W3 string and 
the Ising model does not go both ways in higher-point functions. In particular, it was shown 
in [11] that the selection rule (2.16) forbids the existence of a four-point function for four 
physical operators with L^ ff = y§, even though the four-point function (a a a a} is non- 
vanishing in the Ising model. We shall find further indications in section 4 from five-point 
and six-point functions that the Lq S = y| sector plays a special role in the W3 string. 
One of the general features that we observed in [11] is that four-point functions in the W3 
string exhibit a duality property, which means that they can be interpreted in terms of 
underlying three-point functions, with sets of intermediate states being exchanged in the s, 
t or u channels. In this paper we shall illustrate this factorisation property for a five-point 
function too. 

3. New physical states and the multiplet structure 

In this section, we shall construct some new physical states of the W3 string with non- 
standard ghost structure. These are prime states at levels £ = 4 and 5, with ghost number 
G = —2. We shall use these, and an £ = 8, G = — 3 prime state which was found in [12], to 
calculate more scattering amplitudes in the next section. In particular, the £ = 5 prime state 
enables us to obtain a non-vanishing four-point function with four Lq E = 1 operators, which 
does not exist for the states given in [11]. The above states will provide more evidence for 
the observation that physical states appear to be characterised by their effective spacetime 
structures. We shall also investigate the multiplet structures generated by the action of the 
ghost boosters and a XM . 

Until now, prime states have been discovered at ghost number G = for states with 
standard ghost structure, and at G = — 1 and G = —3 in the case of states with non-standard 
ghost structure. The two new prime states that we shall construct in this section occur at 
G = —2, and thus are of a different kind. 

The general procedure that we use for finding physical states is as follows. At a given, 
fixed, level number £ and ghost number G we write down the most general state, as a sum 
of all no possible structures with arbitrary coefficients gi. Requiring BRST invariance leads 
to riG+i equations for the g^s, giving mg independent solutions. There are uq-i — wg-i 
BRST-trivial states at ghost number G, where mo-i denotes the number of BRST-invariant 
states at ghost number G — 1. The number of BRST-nontrivial physical states at ghost 
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number G is therefore given by mc — (na-i — m>G-i)- Thus at a given level number £ we 
may start from the lowest ghost number given by (2.13), and systematically work up to the 
highest ghost number allowed by (2.13), finding all the non-trivial physical states at that 
level. This is quite a tedious process, which is best performed with the aid of a computer. 

Applying this procedure at level 4, we have found a physical state at G — —2, with (p 
momentum (3 = ^Q. The general solution has three parameters which means, since there 
are two BRST-trivial structures coming from Qb acting on the two structures at G — —3, 
that there is one non-trivial solution at G — —2. The two trivial parameters may be used 
in order to give the physical state a convenient form. In fact, it turns out that they may 
be chosen so as to remove all terms involving excitations of the spacetime coordinates, X^, 
and thus the state acquires an effective spacetime interpretation, as a tachyon. The explicit 
form of the corresponding physical operator, which has ghost number G — 1, is given in the 
appendix in (A 8). For the amplitudes that we shall be concerned with in this paper, only 
two of its thirteen terms contribute. They are 

VjB/ieGO.Pl = -&V29i {?>V2c(3 1 + 4d<pc + - -je^V 1 , (3.1) 

where the effective spacetime momentum p^ satisfies the mass-shell condition 

§p"(p M + 2a„) = ±§ . (3.2) 

In (3.1) we have used the notation of [11], where a physical operator V with ghost num- 
ber G, Lq S = A and momentum (/5,p M ) is denoted by V^[/3,p]. The operator (3.1) is a 
representative of a tachyon of the Lq S = y| sector of the W3 string. The operator e ip ' x 
may be replaced by an arbitrary excited effective physical operator R(dx ll )e w ' x with the 
same Lq value. This allows the construction of new physical states at higher levels with 
X M excitations, that have an interpretation as excited effective spacetime states. 

At level 5, we have found another new physical state at G = —2, with (p momentum 
(3 = jQ. Again we can use the freedom to add BRST-trivial terms so as to give the state 
an effective spacetime interpretation, as a tachyon. The corresponding physical operator is 
given in (A 9). For the amplitudes that we shall be concerned with in this paper, only 5 of 
its 32 terms contribute, namely 



Vj[fg,p] = 7^V29i [6V2cdp-f -3V2cf3d-f+12d<pcf3-f 

(3.3) 

+ 4V2d<pd<pc + 2d 2 <pc+ •••Je7 Q< V p ' x , 
where the effective spacetime momentum satisfies the mass-shell condition 

±^(^ + 2cv) = l. (3.4) 
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This operator is a representative of an effective tachyon of the Lg ff = 1 sector. Again, one 
can replace e tp ' x by an arbitrary excited effective-spacetime physical operator with the same 
Lq 3 value. 

The third physical state that we shall be using in this paper, and that was not given in 
[11], occurs at level 8 with ghost number G = —3 and ip momentum (3 = |Q; it was found 
in [12]. Once more, the freedom of adding BRST trivial parts can be used to remove all 
excitations in the directions, thus giving it the interpretation of an effective spacetime 
tachyon. As such it is a representative of the Lq S = \ sector. It has 82 terms, and is given 
in (A 10). In fact, for the scattering amplitudes that we shall calculate in the next section, 
only four of those terms contribute to the result, namely 

V° /2 [fQ,p] = (d<pcdp + 3V2cdpP7-3d 2 <pcf3- \V2cd 2 p + ...) e f Q V p ' x , (3.5) 
where 

Jp^(p M + 2o M ) = i . (3.6) 

The fact that only the small subsets of terms (3.1), (3.3) and (3.5) contribute in scattering 
amplitudes involving the physical operators (A 8), (A. 9) and (A. 10) respectively suggests 
that there is a great deal of redundancy in the formalism describing the W% string. In 
section 6, we shall introduce a new formalism that removes this redundancy. 

The new physical operators that we have presented here have lower ghost numbers than 
any of those used in [11]. Specifically, (A.8) and (A. 9) have G — 1, and (A. 10) has G = 0. An 
important consequence of this is that it enables us to obtain non- vanishing iV-point functions 
for arbitrarily large N, whereas the physical operators of [11] only allowed their construction 
for N < 5. This is because the total ghost number of operators in a non- vanishing iV- 
point function must be equal to 8, and the insertion of many operators of the form (2.14) 
will rapidly cause this number to be exceeded unless the physical operators V have ghost 
numbers < I. We shall discuss this further at the end of section 4. This completes our 
discussion of new prime states of the W3 string with continuous on-shell momenta. 

Let us now turn our attention to the structure of the multiplets generated by the action 
of the ghost boosters and a Xil on prime states. The explicit form of the ghost boosters 
is given in [9] for the two-scalar W3 string and the generalisation to the multi-scalar case 
is immediate. They are given in an alternative formulation in (6.21). Although we do not 
have a general proof, we have checked the structure of the multiplets in several examples. 
Acting on a prime state |G) at ghost number G with the (d + 1) ghost boosters, we obtain 
just two independent non-trivial physical states at ghost number (G + 1): a v \G^ — |G + l) 1 
and a xil \G) = (pv + a»)\G + l) 2 . The fact that a Xfl \G) gives only one non-trivial state 
rather than d is quite surprising and results in a much simpler multiplet structure than one 
might have expected (we shall return to this point in section 6). The multiplet is completed 
by a single non-trivial state |G + 2) obtained by acting either with a v on \G + l) 2 or with 
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a XfJ , on \G + l) . Thus it seems from our examples that each prime state \G) gives rise to a 
quartet of physical states \G + |G + l) 2 , |G + 2)}. The structure is reminiscent 

of an iV = 2 supermultiplet. 

As discussed in [9,11], each physical state at ghost number G and momentum has 
a conjugate partner at ghost number (2 — G) and momentum (— 2Q — [3, — 2a M — p^). Thus 
associated with each prime state is a quartet and a conjugate quartet of physical states. 

We have already remarked that for all the known examples, prime states either auto- 
matically have, or can be given, an effective spacetime interpretation. Remarkably, in all the 
examples we have checked, the freedom to add BRST-trivial parts is precisely sufficient to 
enable the boosted members of a multiplet to acquire an effective spacetime interpretation 
too. In one of our examples, the prime state involved an excited effective spacetime part, 
indicating that this effective spacetime interpretation is universal, and not just confined to 
effective tachyonic states. 

These considerations lead us to conjecture that all the physical states (with continuous 
on-shell spacetime momentum p M — see below) in the W3 string admit an effective spacetime 
interpretation, i. e. they can all be written in the form 

J ghost + </?) ® J effective spacetime) . (3.7) 

We shall sharpen this conjecture in section 6. Moreover, we conjecture that the effective 
intercepts of all these physical states take values in the set {1, y|, |}.* 

The above discussion of the effective-spacetime interpretation of physical states, and 
their multiplet structure, applies for all physical states with continuous on-shell spacetime 
momentum p^. There are, however, additional physical states in the spectrum of the multi- 
scalar W3 string that occur only for fixed values of p M . In fact, in all the examples we know, 
these discrete states occur with p^ = 0. The simplest example is provided by the SL(2, C) 

vacuum, |o) = (3- 2 (3-ib-i | ), which is a level £ = 4 state with ghost number G = —3. We 

shall adopt the notation D G [/3] to denote the physical operator with ghost number G and tp 
momentum (3 that gives a discrete state with ghost number (G — 3). Thus |o) corresponds 
to the operator D°[0] = 1. 

* In [13], physical states at I = 2, G = 2 in the two-scalar W3 string were discussed, corresponding to 
an operator of the form d 3 ccd 2 'j ■-fe l3lVl eP 2ip2 . This is annihilated by Qb provided that the exponentials 
have total conformal weight 2. However, contrary to what is asserted in [13], this state is in general BRST 
trivial, except for three values of (/?i, fc). Two of these values, (— — Q, — 4^a) and (— -yQ, —fa), correspond 
to states with Lg ff = \ which generalise to an Lq S = \ state in the multi-scalar W3 string. (In fact this is 
the conjugate of one of the quartet members from the prime state given by Vl /2 [-ZQ,p] in formula (A6).) 

The third momentum value, (— Q, -ya), corresponds to a state with Lg ff = — j| that does not generalise to 
the multi-scalar W3 string. Our conjecture that the effective intercept values are {1, j|, \} relates to the 
physical states of the mw/iz-scalar W3 string, and thus the Lf 1 = — jj state does not contradict it. 
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We shall first consider the prime discrete states, and discuss their multiplet structures 
later. There are two examples at level t — \, corresponding to the following operators [9]: 



D 2 [-§Q] = ( C7 - 9 77 )e-7^, (3.8) 



D 2 [-fQ] = (c 7 + » fry^e-yO* . ( 3. 9) 



Apart from the SL(2, C) vacuum, the next example of a prime discrete state that we know 
of occurs at level £ = 6, ghost number G = —3 [9], with the corresponding operator being 
denoted by D°[|Q]. (In the two-scalar W 3 string [9], it plays a similar role to the ground- 
ring generators of Witten [15].) From its detailed form, which is given explicitly in [9] 
for the two-scalar Ws string, one can see that the freedom to add BRST-trivial parts is 
precisely sufficient to enable it to be given an effective spacetime interpretation; the result 
appears in (A. 14). This is presumably the generic situation for discrete prime states in the 
multi-scalar W% string. Higher-level discrete states can be generated by taking appropriate 
normal-ordered products of these examples. For instance, (D°[y]) gives the new discrete 
operator D°[|mQ] at level £ = (Am 2 + 7m + 4), and (D°[|]) 4m+1 gives the new discrete 
operator D°[|(4m + 1)Q] at level £ = (4m 2 + 11m + 6) [9]. Thus we have discrete operators 
with G = and 

D°[fmQ] : £ = Am 2 + 7m + 4 , 

(3 10) 

D°[f(4m + l)Q\ : £ = 4m 2 + llm + 6. 

We now turn to the consideration of the multiplet structure associated with the prime 
discrete states. Here we find by checking several examples that the pattern is rather different 
from that for the continuous-momentum physical states; for d effective spacetime coordinates 
X M we get a multiplet with Ad members. It is convenient to decompose the ghost boosters 
a xfJ , into an operator a 11 which is parallel to the background charge vector a M and (d — 1) 
operators (a x ^) ± which are perpendicular to the background charge vector. Acting on a 
prime discrete state \G) of ghost number G, we have 



G 

G+l 
G + 2 
G + 3 



\G) 

a v \G), a"\G), {a x ^\G) 

a^a'tp), a v {a x ^\G), a" (a x ^\G) 
a v a 11 (a x v)^\G) . 
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Thus we see that the multiplicities of states at ghost numbers {G, G + 1, G + 2, G + 3} 
are {1, d+1, 2d — 1, d — 1}. The situation is very different from the case of prime states 
with continuous momentum, in that here each of the (d+1) ghost boosters generates an 
independent non-trivial physical state at ghost number (G + 1). Note that the repeated 
application of the (a^) 1 operators does not give any non-trivial state, so (3.11) gives the 
complete multiplet. In some sense it is reminiscent of an N = 3 supermultiplet.* 

Another striking difference between the discrete states and the physical states with 
continuous momentum p M concerns their effective spacetime interpretation. First, we recall 
that all prime physical states, discrete or continuous, appear to admit an effective spacetime 
interpretation. For continuous-momentum physical states, this is true also for the entire 
multiplet (i.e. quartet) generated by the ghost boosters. For the discrete states, however, 
this is no longer the case; the multiplet members do not all admit an effective-spacetime 
interpretation, even though the prime state does. Specifically, it is states generated by 
the action of a Xfl that lack an effective-spacetime interpretation. The reason for this is 
that the Lorentz index ^ has to live either on the background-charge vector a M or on the 
effective-spacetime coordinates X M . If it lived solely on a M , then the a XAl operators would 
give only one independent physical state, whereas in fact they all give independent states 
in the multiplet. Thus in some (but not, as can easily be checked, all) of the terms in the 
boosted states the ^ index must live on X M , implying that these states cannot all be given 
an effective-spacetime interpretation. 

The discrete operators can be used to map physical states with continuous momentum 
Pfj, into others by normal ordering, provided that the normal ordered product exists. This 
appears to be their most important role in the interacting W3 string, since if one tries to 
view them as ordinary physical states in their own right, they give divergent results in 
(N > 4)-point amplitudes. We shall discuss this further in the next section. 

For convenience, we summarise the prime operators that we shall be using in this paper 
in two tables. Their explicit forms are given in the appendix. (In Table 1 we have included 
a physical operator at level £ = 9, which we shall find in section 6 in a new formalism.) 



* It seems that a natural generalisation of the decomposition of a xli into a 11 and (a x ^) ± for physical 
states with continuous momentum is to decompose a xfl into its components parallel and perpendicular to 
(pp + a^). In our discussion of the quartet structure of the multiplets for continuous-momentum physical 
states, we saw that when a xM acts on such physical states, it gives states of the form (p^ + a M )| ). Thus 
(axe) 1 annihilates continuous-momentum physical states, and we see that the multiplet structure in (3.11) 
reduces to a quartet. 
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G 


r cff 
^0 


P 




3 


15/16 


-Q 


£ = 


3 


1 


-6Q/7, -8Q/7 




2 


15/16 


-3Q/7 


£ = 1 


2 


1/2 


-4Q/7 


£ = 2 


2 


1/2 


-2Q/7 


£ = 3 


1 


1 





£ = A 


1 


15/16 


Q/7 


£ = h 


1 


1 


2Q/7 


e = 8 





1/2 


40/7 


£ = 9 





15/16 


5Q/7 



Table 1. Continuous-momentum physical operators 





G 





£= 1 


2 


-60/7, -8Q/7 


£ = 4 








£ = 6 





20/7 



Table 2. Discrete physical operators 



4. WVstring scattering 

In our previous paper [11] on the interacting W3 string, we evaluated all the no n- vanishing 
four-point functions for effective tachyons that could be built at tree level using the physical 
states given in that paper. As we have already remarked, they are characterised by their 
effective-spacetime structure, and in particular their L^ ff values. For convenience, we list the 
structure of the results here. In an obvious notation, we have [11]: 



<H H> ~ fdx x-^~\l - x)-«/ 2 - 2 (l - x + x 2 ) , 
Jo 

(i i H> ~ f dx X-^~\l - x)-«/2-31/16 (x _ 2) , 
Jo 

(1 1| 1| 1) ^ f 1 dx a .- a /2-31/16 (1 _ x) ~t/2-2 ? ^ 

Jo 



(4.1a) 
(4.16) 



(4.id) 



(15 15 1 1) ^ f 1 dxx s/2-3/2 {1 _ x) -t/2-31/16 ^ 
JO 

(1 J 1 i> ~ dx x- s / 2 - 3 / 2 (l - x)-*/ 2 - 3 / 2 , (4.1e) 
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where s, t (and u) are the Mandelstam variables: 

s = -(pi + p 2 ) 2 - 2a ■ (pi + p 2 ) , 

t = -( P 2 + ps) 2 - 2a ■ (p 2 + p 3 ) , (4.2) 
u = -(pi + p 3 ) 2 - 2a • (pi + p 3 ) . 

In [11] we observed that the above four-point functions have the correct crossing properties, 
and that they exhibit a W3 duality behaviour in which they can be written in terms of the 
underlying three-point functions with the exchange of intermediate states in the s, t or u 
channels. From the underlying three-point functions, one might expect that there could be 
two more non- vanishing four-point functions, namely, (l 1 1 l) and (j| j| j| For the 
latter, we proved in [11] that there cannot exist Lq E = y| physical states with ip momenta 
that enable the selection rule (2.16) to be satisfied in this case. In other words 

/15 15 15 is\ o u 3) 
\16 16 16 16/ u 

in the W3 string. Later in this section we shall argue that in fact any iV-point function with 
three or more Lq S = y| physical states must vanish. 

For the case of (l 1 1 l) on the other hand, we argued in [11] that there was no reason 
to expect that it must vanish, and that our inability to construct it was simply due to an 
insufficient supply of examples of physical states with = 1. In fact with the new physical 
states given in this paper, we shall indeed be able to construct such a four-point function. 
The other new physical states given in section 3 enable us to construct further examples 
of four-point functions that provide additional evidence for the conjecture that they are 
characterised by the effective-spacetime structure of the physical states. 

We begin the detailed discussion of our new results by considering the four-point function 
(llll) mentioned above. This can be constructed, for example, by taking the level £ = 5 
operator V}[|Q,p] given in (A 9) together with physical operators given in [11]. One of 
them is the level £ = operator Vf[— f(3,p] of standard ghost structure (of which we take 
two copies); the remaining operator, Wf [0,p], has level number £ = 3. It is obtained from 
Vj[0,p] given in (A. 7) by boosting; its explicit form is given in (A12) of [11], where it was 
inadvertently denoted as Vf[0,p]. We choose to make the replacement (2.14) on the level 
£ = 5 operator. This replacement singles out all the terms involving an undifferentiated c 
ghost, and removes it, reducing the 32 terms in (A. 9) to 14. Of these 14 terms, only 5 can 
give rise to the ghost structure (2.15), namely those that do not involve a 6 antighost or any 
of its derivatives; they are given in (3.3). The Vf[— f<5,Pi] an d Vf [— ^Q,P2] operators each 
have only one term, and 7 of the 11 terms of W^[0,p 4 ] do not contribute. Thus there are 
5 x 4 = 20 different contributions to the final result. The techniques used for calculating 
these contributions were explained in [11]. Since the intermediate steps are rather involved, 
we shall only present the final result. Explicitly we find for this four-point function: 
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* Lf = {I, 1, 1, 1}: 



I (0\V 3 1 [-^Q, Pl ](z 1 ) Vl[-lQ, P 2}(z2)b(w)Vl$Q,p 3 ](z 3 ) W 2 [0,p 4 ](z 4 )\o) 

J z 3 
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58 ' f'dxx-^-^l-x)-'/ 2 --' 
Jo 



(4.4) 



where the integrals at the front of the first line denote the integration over the worldsheet 
coordinate z^, and the contour integral of (2.14), respectively. The expression (4.4) is identi- 
cal (up to normalisation) to the four-point tachyon scattering amplitude in ordinary bosonic 
string theory. This is not surprising, in view of our observation that interactions in the 
W3 string are characterised by the effective spacetime structure, and in particular the Lq S 
values, of the external states, and that the Lq S = 1 sector of the W 3 string has the closest 
resemblance to the usual bosonic string. Indeed the result provides a reassuring check that 
despite the complexity of the computation, the expected result emerges. In section 6, we 
shall present a new formalism within which it will become manifest that tree-level scattering 
of purely Lq S = 1 states in the W3 string is the same as in the bosonic string, apart from 
the presence of the background charge. 

The physical operators (A. 8) and (A. 10) provide further nice checks of the observation 
that what characterises an interaction is the effective spacetime structure of the external 
states. Using them, we have computed the following four-point functions: 

- reff _ ri 15 15 i \. 
• -^0 ~ I 1 ' 16' 16' ZL 

J j z (OlVjhfQ.pxKzO Vl 5/1 eHQ,P2}(z2)b(w)Vl 5/16 [±Q,P3}(z3) V?[-?Q, P 4](*4)|0) 



= 0, 

(4.5) 

_ reff _ r 15 -1 1 15 \. 
• ^0 — 116' - 1 ' 2' 16J - 

/ / <0|V? 5/16 [-g, Pl ](^) Vl[-lQ,p 2 ](z 2 )b(w) V? /2 [-fQ,p3](«0 V\ 5/ i 6 [iQ,P4\(**)\0) 
J J 23 

= 0, 

(4.6) 

a 7~ eff — /I IS 15 1\. 
^0 IgJ 16' 16' 2J - 

J £ (0\V 2 1/2 [-lQ, Pl ](z 1 ) Vl /16 [-Q,P2](z 2 )b(w)Vl /16 [±Q,p 3 ](z 3 ) W? /2 [-fQ,p 4 ](*4)|0> 

- I' dxx- s / 2 - 31 / 16 (l - x)- 1 / 2 - 2 ^ + x) , 
Jo 



'23 

3^58^ 



(4.7) 
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• Lq G — {1, 1, 2> 



| jf (olwfhfQ.pi]^) v?[-fg, P2 ](z 2 )6H v° /2 [|g,p 3 ](^) vJ /2 [-|Q,p 4 ](^)|o> 

= f 1 dxx-'' 2 - 2 (l-x)- t ' 2 -V 2 . 

4 Jo 

(4.8) 

As in [11], we use the notation W^[/3,p] for a physical operator which is obtained by acting 
once with the ghost boosters a v or a xii on the prime operator V^ _1 [/3,p].* 

The four-point functions (4.5) and (4.6) provide an illustration of W3 duality in the sense 
that they are zero because the underlying three-point functions vanish given the particular 
tp momenta of the external states. For example, in (4.5) we could expand in the s channel 
in which case the intermediate states are from the Lq S = i| sector. Since no such operators 
exist with (3 = — |Q (see section 5 for a discussion on this point), there does not exist a 
three-point function with Vf [— ^Q,pi] and V^ 16 [— jQ,P2] as external operators. 

The four-point function (4.7) is equivalent to (4.16), after interchanging the ordering 
of the operators. Since the operators in (4.7) and (4.16) are different, this illustrates once 
more that interactions are characterised by the effective spacetime structure of the physical 
operators. In addition, the comparison of (4.7) with (4.16) illustrates the crossing behaviour 
of Ws scattering amplitudes, which in this particular case amounts to interchanging s with t, 
and x with (1 — x). Both these properties are also exhibited by (4.8), which is equivalent to 
(4.1e) after interchanging s with u, and x with 1/x. The computation of (4.8) is surprisingly 
simple, bearing in mind that the operator V^ 2 [^Q,p 3 ] given in (A 10) contains 82 terms. 
This is because making the replacement (2.14) selects just 27 terms, and of these all but the 
4 arising from those given explicitly in (3.5) do not contribute. 

Let us now construct a five-point function. This will provide further indications that 
the observations we have made for three-point and four-point functions are indeed general 
features of WVstring theory. In particular, we shall exhibit the factorisation properties 
that are the generalisation of duality in four-point functions. Our example is built from 
five physical operators that were given in [11], namely V^ 5 ^ 16 [— jQ,pi], Vi 5 /i 6 [ — | Q,P2\, 
^1/2 [ — jQiP^i V?/2 [ — |Q)P4] an d Wf[0,p 5 ] (which was inadvertently denoted by Vf [0, p 5 ] 



* Since, as we have discussed in section 3, there are two independent such boosted operators for a prime 
operator with continuous momentum p M , the choice of boosted operator W£[/3,p] might seem ambiguous 
since an arbitrary linear combination could be taken. However, as we have seen, only the coefficient, but 
not the form, of the scattering amplitude should depend on which representative is taken. This implies 
that the scattering amplitude will have a universal structure with a combination-dependent coefficient; one 
degenerate combination will therefore give zero regardless of whether or not the particular amplitude is 
intrinsically non-vanishing. Any other choice of linear combination will reveal the true interaction. 
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in [11]). After some algebra, we find the result 



(1| 1| 1 1 1) = f dx f\ yx \Pl+P2\ 2 /2-2 y \ P4+P ^/2-S/2 {1 _ x) \ P2 + P ^/2-31/16 

Jo Jo (4.9) 

(1 _ y) | P3 W/2-2 (1 _ xy )\P2+P4\ 2 /2-31/16 {xy + x _ 2h 

where we have introduced the Koba-Nielsen variables x and y, and \p\ 2 = p ■ (p + 2a). This 
example is particularly well suited to showing both the similarities to, and the differences 
from, scattering amplitudes in the ordinary bosonic string. For five tachyons in the ordinary 
string, one would have 

I' dx roW Pl+P2)2/2 ~V P4+P5)2/2 ~ 2 (l - x)^+P3) 2 /2-2 

Jo Jo (4.10) 

(1 _ y }(P3+P4) 2 /2-2^ l _ xy ^P2+Pi) 2 /2-2 _ 

First, we note that (4.9) involves the background-charge vector a M in the effective spacetime, 
which is of course absent in the usual 26-dimensional bosonic string, both (4.9) and (4.10) 
display the property of factorisation. From (4.9) one can see for the W3 string that states 
with Lf = 1, i| and i are exchanged in the various intermediate channels, whereas the 
usual bosonic string amplitude (4.10) shows that all the exchanged states have, of course, 
intercept 1. Finally, we note the occurrence in (4.9) of the regular function (xy + x — 2). This 
function, like the (l — x + x 2 ) in (4.1a), and the (x — 2) in (4.16), comes from the functional 
integration over the spin-3 ghost system (f3, 7) and the if field. These functions are typical 
W3 contributions to tree amplitudes.* 

Not surprisingly, if we compute a five-point function (lllll)in the W3 string, we get 
the same result as (4.10), apart from the presence of the background charge which means 
that (pi + pj) 2 is replaced by \pi + Pj\ 2 - An example is provided by taking the operators 
Wf[— 5fQ,p\, ~Vi[—jQ,p], and three V}[0,j9] operators. 

We shall now explore the role of the discrete physical states in more detail. If one at- 
tempts to treat them on the same footing as physical states with continuous momentum 



* These same functions appear in the corresponding correlation functions of the Ising model, if one makes 
the association described at the end of section 2. However, as we discussed there, there is no one-to-one 
correspondence between non-zero correlators in the W3 string and the Ising model. In particular, one gets 
the function cos ■§ + x + sin^i/l — VI — x from a a c) in the Ising model [20], whereas the 

function from (j| j| j| j|) in the W3 string is 0, as follows from (4.3). This is an indication that one 
cannot simply view the W3 string as a product of effective Virasoro strings with the Ising model, since the 
latter gives a non-zero result (see [21]) for an amplitude that is zero in the W3 string. Such a viewpoint does 
not capture the essence of the W3 symmetry, since it does not involve functional integrations over all the 
quantum fields of the W3 string. In particular, the selection rule (2.16) which comes from integration over 
the <p field, and is responsible for the vanishing of the four-point function (yf j| yf yf) in the W3 string, 
does not exist in such an approach. In [21] this model of effective Virasoro strings tensored with the Ising 
model emerged from applying the "group-theoretical method" to the effective Virasoro strings. Presumably 
if the method were applied instead to the W3 string itself, it would describe WVstring scattering. 
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p M , one finds that in (N > 4)-point functions they lead to divergent integrals. This can be 



easily understood; since the p M momentum of the discrete state is zero, it follows that one 
can always use the duality or factorisation properties of the amplitude to express it in terms 
of a sum over on-shell intermediate states at a three-point vertex with the discrete state 
and another physical state as external states, thereby giving a divergent result. A simple 
example is provided by looking at a four-point function in which one of the operators is the 
level 4 discrete operator D°[0] = 1, which corresponds to the physical state |0). One easily 
finds that the integral over x is logarithmically divergent. A less trivial example is provided 
by considering the four-point function built from the operators W 2 [0,pi], V 2 5 ^ 16 [— p 2 ], 
^i5/ie\-~ f QiPz\ an d the discrete operator D 2 [— jQ]. Following our procedure for calculat- 
ing this four-point function, we obtain the result 



This has the same logarithmic divergence as one finds in the previous example with the unit 
operator. 

These divergences can obviously be avoided by not performing the offending integrations. 
More precisely, in an (N > 4)-point function in which m of the external physical states are 
discrete, no divergence will occur if only (N — 3 — m) replacements (2.14), and corresponding 
integrations, are performed, rather than the usual (N — 3). Let us consider the following ex- 
ample, of a four-point function with the operators V 2 / 2 [— V^ 2 [— |Q,P2], Wf [0,^3] 
and the discrete operator D 2 [— Following the above prescription, there will be no in- 
tegration at all, and so a priori one might expect the result to depend on the cross-ratio x. 
Actually it does not, and the result is simply the constant ^\/58i. This is the result that 
one would expect for a three-point function. In fact this is precisely what it is; what has hap- 
pened is that the discrete state D 2 [— |Q] has normal ordered, by virtue of Wick's theorem, 
with another of the physical operators to produce a new physical operator. Thus the net 
result is that one is really just evaluating a three-point function of continuous-momentum 
physical operators. 

This phenomenon generalises to any iV-point function containing m discrete operators. 
Provided that they can normal order with some continuous- momentum physical operators so 
as to produce new ones, then Wick's theorem ensures that the iV-point function reduces to 
an (N — m)-point function of continuous-momentum physical operators. If there is no such 
normal ordering possible, then the result will be zero. Indeed, a set of discrete operators 
with ip momenta has a well-defined normal-ordered product with a continuous-momentum 
operator with if momentum j3 if and only if f3 A + Si<j PiPj is an integer. Provided 
that the m discrete operators can be distributed over the original continuous-momentum 
operators of the iV-point function so that this condition is satisfied in each case, then a 




(4.11) 
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well-defined (N — m)-point function exists; otherwise, it vanishes. We have checked this in 
several examples. 

To end this section, we turn to a discussion of the special role of the L^ ff = j| state in 
the physical spectrum of the W3 string. We have already seen that the selection rule (2.16) 
implies the vanishing of the four-point function if "[§) [H]- We shall now argue that 

all iV-point functions with three or more external physical states from the = y| sector 
are zero. 

We shall first demonstrate this result in the case when there are an odd number of 
Z/g ff = y| states in the iV-point function. It follows from the fact that the Lp momentum 
of any Lq S = physical state is of the form (3 = where k is an odd integer, whereas 
for the Lq E = 1 and Lq S = | sectors k must be an even integer. These properties can 
be proved from the mass-shell condition implied by the fact that Lq * annihilates physical 
states, namely 

= £-4-±(3 2 -(3Q + Lf , (4.12) 
where £ is the level number. Writing (3 = ^Q, and recalling that Q 2 = ^, this gives 

k 2 + Uk = lQLf + 16£ - 64 . (4.13) 

Now there is a general argument for any physical state that shows that k must certainly be 
an integer. This can be seen by considering the case when (p is taken to be a timelike field, 
in which case it is automatically periodic and hence its conjugate momentum is quantised 
[5,6] in units of ^Q- (It can also be seen in all the physical states that have been found in 
the W3 string.) Given that k is an integer, it is immediately clear that solutions of (4.13) 
when Lq S = j| require k to be odd, whilst solutions when Lf^ — 1 or | require k to be 
even. Thus it is impossible to satisfy the selection rule (2.16) if there is an odd number of 
Lq S = i| external states. 

For an even number of L^ ff = j| external states (or indeed any number > 4), we can 
make use of the factorisation property of the iV-point function. This enables us to view the 
iV-point function as a "four-point function" where three legs are external physical Lq S = ^| 
states and the fourth is an intermediate state connecting to the rest of the diagram. Two 
distinct cases then arise. If the intermediate states in the fourth leg are in the Lf = 1 or 
I sectors, then from the duality of the four-point function itself, it can be seen to vanish 
because of the vanishing of its underlying three-point functions. If on the other hand the 
intermediate states of the fourth leg are in the L^ ff = jf sector, then the four-point function 
vanishes by virtue of (4.3). 

We have checked these properties in a number of examples. More specifically, we have 
verified explicitly that iV-point functions such T§ T§ T§ §)' (t§ T§ T§ T§ § §)' anc ^ 

(t§T§T§T§T§T§) a ^ van i sn - This provides a non-trivial check, since there are candidate 
amplitudes in which the selection rules (2.15) and (2.16) are satisfied. 
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The conclusion of the argument above is that any iV-point function in the W3 string 
with three or more external Lq S = i| states vanishes, i.e. 

(iliiii •••> = o, (4.14) 

where • • • represents any set of physical states. This shows that indeed the Lq S = y| sector 
plays a special role in the W3 string. 

In the Lq S = 1 and \ sectors, on the other hand, no such feature as (4.14) occurs. 
Indeed it is possible to construct non-vanishing scattering amplitudes with an arbitrarily 
large numbers of physical operators from either of these sectors. For Lg ff = 1, the t = 3 
prime operator Vj;[0,p] at ghost number G = 1 can, with the replacement (2.14), be inserted 
arbitrarily-many times in amplitudes without disturbing the total momentum or ghost 
number. For Lq S = |, one can in the same vein insert arbitrary numbers of pairs of the 
physical operators V^ 2 [— ?Q,p\ and Vy 2 [^Q,p], at levels £ = 1 and 8, and ghost numbers 
G = 2 and 0. 

An interesting consequence of (4.14) is that at tree level Lq S = | states will not appear 
in intermediate channels if all the external physical states lie in the Lq S = 1 and j| sectors. 
In loop amplitudes, on the other hand, states from all three sectors will run around the 
loops. This is illustrated by the fact that the one-loop partition function of states with 
standard ghost structure (which all have Lq S = 1 or ^|) is not modular invariant [10]. This 
is to be expected, since we know that the physical spectrum consists not only of the states 
with standard ghost structure, but also of states with non-standard ghost structure, which 
include in particular states in the Lq E = | sector. 

5. More on the spectrum, and the no-ghost theorem 

5. 1 The physical spectrum revisited 

All the physical states with continuous momenta p M that we know of display the re- 
markable property that they can be written as direct products of a factor involving the 
ghost pairs (b, c) and (f3, 7) together with the frozen coordinate </?, and a factor involving 
only the X M coordinates, as in (3.7). This means that all the known physical states with 
continuous momentum admit an interpretation as effective spacetime physical states. In 
other words, they are highest- weight states of T eff given by (2.5). It is worth noting that 
this is a highly non-trivial feature. For example if we consider the i = 8 prime state in, for 
simplicity, the two-scalar case, there are 22 BRST-trivial structures at G = — 3 which have 
to, and indeed do, conspire to permit the removal of 134 terms that involve excitations in 
the effective spacetime, thereby leaving 82 terms. (Since, by construction, these terms do 
not involve excitations in the effective spacetime, their form, and number, is independent 
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of the dimension of the effective spacetime. They are in fact precisely the terms given in 
(A 10).) The occurrence of this phenomenon in numerous examples leads us to conjecture 
that all physical states with continuous momentum p^ (prime states and quartet members) 
admit an effective spacetime interpretation. 

The effective intercepts Lq S of the known continuous-momentum physical states all take 
values in the set {1, y|, |}. The abundance of the known examples leads us to believe that 
this too is a general feature of all the continuous-momentum physical states of the W3 string. 

Given that the (p momentum of physical states is quantised in the form jQ, where k is 
an integer, we can enumerate all the possible level numbers and >p momenta of all physical 
states which admit an effective spacetime interpretation with Lg ff lying in the set {1, j|, |}. 
We shall present the argument for the case where the effective spacetime state is a tachyon. 
From the mass-shell condition (4.13), it follows that 



A; + 7 = ±y / 16£+ 16^-15 . (5.1) 

If we first consider the sector with Lq S = 1, we see that for k to be an integer it follows that 
we must have i = Ap 2 + p, with p an arbitrary integer. Similar arguments can be applied to 
the other two sectors, giving 

Lf = 1 : £ = 4p 2 + p, k = -7± (8p + 1) , (5.2a) 

£o ff = if: t = P 2 , k = -7±Ap, (5.26) 

Lf = \: £ = 4p 2 + 3p+l, k = -7± (8p + 3) , (5.2c) 

where p is an arbitrary integer in each case. It is instructive to tabulate these results for the 
first few level numbers: 



rcff_ 1 

^0 — 1 


i 


fc_, 


k+ 





"8, 


-6 


3 


-14, 





5 


-16, 


2 


14 


-22, 8 


18 


-24, 


10 


33 


-30, 


16 


39 


-32, 


18 



Ljf =15/16 


t 


fc_, 


k+ 





"7, 


-7 


1 


-11, 


-3 


4 


-15, 


1 


9 


-19, 


5 


16 


-23, 


9 


25 


-27, 


13 


36 


-31, 


17 



Lf =1/2 


£ 




k+ 


1 


-10, 


-4 


2 


-12, 


-2 


8 


-18, 


4 


11 


-20, 


6 


23 


-26, 


12 


28 


-28, 


14 


46 


-34, 


20 



Table 3. Allowed levels and (p momenta for effective tachyons 
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The results presented in (5.2a-c) and the above table give the level numbers £ of physical 
states in the W3 string that are tachyons from the effective spacetime point of view. As we 
have discussed earlier, one can always replace the tachyon by an excited effective spacetime 
physical state with the same Lg ff value. If this effective state has effective level number £ e ff, 
then the £ values given above are shifted according to £ — > £ + £ e ff ■ 

The conditions given in (5.2a-c), and presented in Table 3, represent necessary con- 
ditions, derived from the mass-shell constraint, for the existence of continuous-momentum 
physical operators of the kinds we are discussing. There is no a priori reason to expect 
that they must exist. However comparison with the known physical operators (see Table 1), 
shows that up to and including level 9, all the operators in Table 3 do actually occur, at the 
indicated Lf^ values. The ip momenta of all the physical operators in Table 1 correspond 
to the larger of the allowed k values, namely (3 = ^-Q; the fc_ value corresponds to the 
conjugate physical operator in each case. The operators with standard ghost structure, at 
£ = 0, are an exception in that both k+ and k- occur for both the operators and their 
conjugates. 

A similar discussion can be given for discrete states. Although, as we have explained in 
section 3, they do not in general admit an effective spacetime interpretation (although the 
prime discrete states do) we may still still use the mass-shell condition (4.13), with Lq E = 
since they have p^ = 0. Thus we find that they can occur at level numbers and ip momenta 
given by 

£ = 4p 2 +p+l, fc = -7±(8p+l), (5.3) 
where p is an arbitrary integer. The first few examples are: 



£ 


fc_, 


k+ 


1 


"8, 


-6 


4 


-14, 





6 


-16, 


2 


15 


-22, 8 


19 


-24, 


10 


34 


-30, 


16 


40 


-32, 


18 



Table 4- Allowed levels and ip momenta 
for discrete operators 

The level £ = 1, 4 and 6 discrete operators in the table are the ones we discussed 
in section 3. In fact, as we explained there, we can take normal ordered products of the 
discrete operators to create new ones. From equation (3.10) we see that discrete operators 
in Table 4 at £ > 15 with ip momentum ^-Q can be obtained from normal ordered powers 
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of the i = 6 operator. Similarly by normal ordering discrete operators with continuous- 
momentum physical operators, new such operators are created. In a certain sense, a discrete 
operator can thus be viewed as a "screening charge" in the p> direction times the identity 
operator in the effective spacetime directions. The discrete operator D°[|<5] at £ = 6 and 
G = given in (A. 14) provides a nice illustration. Since it has ip momentum (3 = |Q, it 
could in principle enable one to step up through the k+ values of the three sectors in Table 3. 
Since physical operators with non-negative p momentum will certainly have a non-vanishing 
normal-ordered product with appropriate powers of D°[|<5], it may be that one should regard 
the first level number in each sector at which k + is non-negative as a foundation from which 
higher levels in that sector can be obtained. As an example, we have explicitly checked that 
normal ordering D°[|<5] given in (A. 14) with the £ = 3 prime operator (A. 7) of the Lq S = 1 
sector gives the £ = 5 prime operator (A. 9). 



5.2 Unitarity of the W$ string 



Let us now consider the question of the unitarity of the Ws string. For physical states 
of standard ghost structure, unitarity was first proven in [6]. The argument consists of 
observing that since such states all admit an effective spacetime interpretation (see (2.6) 
and (2.10)), proving unitarity for these states amounts to proving unitarity for an effective 
Virasoro string theory with central charge c = ^ and intercepts a = 1 and a — yf . A 
standard result from ordinary string theory is that the unitarity bounds derived from level 
1 and level 2 states are sufficient to ensure unitarity at all excited levels. As discussed, for 
example, in [6], the unitarity of level states requires a < 1, whilst level 2 unitarity requires 

37-c- y/(c-l)(c- 25) 37-c+ y/(c-l)(c-25) 

a < - or a > - . (5.4) 

16 16 y J 

For the case of c = 4r, these bounds imply that the effective spacetime intercept must satisfy 

a<\ or if < a < 1 . (5.5) 

Thus the physical states in the W3 string with standard ghost structure precisely saturate 
the limits of the second interval. This means that they are unitary. (In fact because they 
saturate the limits, it means that there are null states, characteristic of spacetime gauge 
symmetries, as well as positive- norm states.) 

This reasoning extends to all physical states in the W3 string that admit an effective 
spacetime interpretation. All the known examples of continuous-momentum physical states 
do indeed admit such an interpretation, and furthermore, their effective intercept values lie 
in the set {1, j|, \}. Thus all the known continuous-momentum physical states in the W3 
string satisfy the unitarity conditions (5.5). In fact they all saturate one or another of the 
limits in (5.5). 
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If, as we have conjectured in this paper, all continuous- momentum physical states of 
the W3 string admit an effective spacetime interpretation, with Lg ff values lying in the set 
{1, y|, i}, it follows that the argument above constitutes a proof of unitarity of the W3 
string. 

Discrete states do not upset this conclusion. This is because, unlike the continuous- 
momentum physical states whose unitarity we have already addressed, a discrete state is a 
scalar under the effective-spacetime Lorentz group rather than a tensor, and so the issue of 
negative-norm states does not arise. 

Another indication of the unitarity of the W3 string can be seen by looking at the residues 
of the poles in intermediate channels of (N > 4)-point functions. Let us consider first the 
example of the four-point function (l 1 1 l) given in (4.4). (This is of the same form as the 
four-point tachyon amplitude in the bosonic string.) The integral can be written as 

(1111)- r( ~ 5 / 2 ~ 1)r( ~' /2 ~ 11 . (5.6) 
v 1 T(-s/2-t/2-2) v ; 

Using the standard expression for the behaviour of the T function near a pole, r(— n + e) = 
(— l) n /n\ e _1 , and expanding in the t-channel poles, t/2 + 1 = n — e, we find for the leading- 
order in s: 

(1 1 1 1) ~ y l {s { 2)n /o . (5.7) 

n=0 ' 

The fact that residues at all the poles have the same sign implies that the propagators of all 
the intermediate states in the sum have the same sign, and correspondingly they do not have 
negative norm. Similar arguments can be applied to the other channels, and to all the other 
TV-point functions of the W3 string. For example, expanding the {\ \ \ \) result given in 
(4.1a) in the t channel gives 

/ 1 1 1 1 \ y 1 (*/2) n 

n=l ' 

to leading order in s. 



6. Mixing the ip and ghost fields 

The fact that all the physical states with continuous momentum admit an effective 
spacetime interpretation suggests that there may be a more appropriate description of the 
W3 string, where this feature is more manifest. Motivated by this, we start by noting that 
we can write the BRST operator Q B of (2.1) as 



Q B = <b dz 



c T eff + more 



(6.1) 
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where all the dependence on the spacetime coordinates X M is contained in the first term, 
and 

c = c+ Jfay/Wifry-^bfryy -±V29i dip-f . (6.2) 

This suggests that simplifications might occur if we were to treat c rather than c as the ghost 
for the spin-2 symmetry. We thus look for a corresponding set of redefinitions for b, 7, (3 and 
ip such that the new fields have the same set of operator-product expansions as the original 
ones. This leads uniquely to 

c = c+ YfeV58id'y - 2§T&<97 7 - ^V29icty?7 

6 = 6 , 

7 = 7, (6-3) 
/3 = /3 + T ^v / 58i96- 2§ T <9667 + ^v / 29i^6 , 

tp = tp— ^v / 29i&7 . 
These redefinitions may be inverted, to give 

c = c - r^yfh&id^ - 2§r6(97 7 + ^^/29^(9</57 , 

6 = 6 , 

7 = 7, (6.4) 
/3 = /3- ^^58^6- Jj- 0*667- ±V29id$b , 

</? = £5 + ■gjV29ib'y . 

Since they preserve the operator products, the transformations (6.3) are in some sense canon- 
ical. 

It is now a straightforward matter to use (6.4) to rewrite the BRST operator, the ghost 
boosters a v and a Xfl , and the physical operators in terms of the new fields. We shall first con- 
sider the physical operators. Remarkably, the higher-level physical operators become greatly 
simplified. The results for the physical operators with continuous momentum presented in 
the appendix become: 



0, G = 3: 



• £=1, G = 2: 



V?[-fQ,p] =cd^e~7 Q ^e ip - x , (6.5) 
Vf[-fQ,p] =c<97 7e-? Q V p ' x , (6.6) 
V?5/i 6 [-Q,P] = cdiie-^e^ x . (6.7) 



V? 5/16 [-fg,p]=c7e-f^e i ^ , (6.8) 
V? /2 [-|g,p]=c7e-^^' x . (6.9) 
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• 1 = 2, G = 2 : 

V? /2 [-fQ,p] =0(^.9^7- |97)e-f Q V p ' x . (6.10) 

• 1 = 3, (2 = 1 : 

Vj[0,p] = ce ip ' x . (6.11) 

. £ = 4, G = l : 

Vls/ieijQM = -iv / 29^c(3v / 2^7 + 4^)e^^ x . (6.12) 

• £ = 5, (2 = 1: 



Vj[fQ,p] = ±V%)ic (byfidPi -3V2[3 97+ 12d$P7 + 4V2d$dip +2<9 2 ^)e? Q V p ' A 

(6.13) 

• £ = 8, g = : 

V? /2 [f<2,p] = c (d^dp + 3V2dpj3^ - 3d 2 ^P - fv^/^ef Q . (6.14) 

• £ = 9 ; (2 = : 

V? 5/16 [fQ,p] =c(^pdydp- IV2 d 2 ]3 -2V2d 2 ^ dp -3 d 2 ^d^]3 - fv^d 3 ^/? 

+ f V2dvdpPi-3dpp^+^dPpPj- \d*t)J? Q *e ip - x . 

(6.15) 

The £ = 1 and t = 6 discrete operators given in the appendix become 

• £ = l ; g = 2 : 

D 2 [-§Q] = (c^+^v^i^^e-f ^ , (6.16) 
D 2 [-fQ] = (V7 + ^v^d^e-f^ . (6.17) 

• £ = 6, (2 = 0: 



D°[fQ] = ^c/^-iv^i (6y/2dP7-3y/2Pd^+12dvPj + 4y/2dvdv + 2d 2 ^ e? . 

(6.18) 

Several comments are now in order. In all the above expressions, the implicit normal 
ordering is with respect to the tilded fields. Since the (67) term in the redefinition of if is 
nilpotent, the exponential terms of the form e A ^ reduce to 

(l-±y/2Qi\b'y)e x ' fi (6.19) 
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in terms of the original fields. 

It is instructive to compare the physical operators as given above with their expressions 
in terms of the original fields given in the appendix. In particular, the comparisons between 
the expressions (6.13) and (A. 9) for the £ = 5 operator, where 32 terms reduce to 5, and 
between the expressions (6.14) and (A. 10) for the £ = 8 operator, where 82 terms reduce 
to 4, are quite striking. The level £ = 9 operator given in (6.15) does not appear in the 
appendix. In fact we have obtained it only using the new formalism of this section. In the 
original formalism it involves 414 terms, thus providing another example of the power of the 
new formalism. 

The calculation of scattering amplitudes in the W3 string can be performed equivalently 
in terms of the new quantum fields given by (6.3). Since the transformed fields satisfy the 
same operator-product expansions as the original ones, the Jacobian of the transformation is 
simply the identity, and one can calculate with the tilded fields in exactly the same way as we 
did with the untilded ones. For example, (2.15) is identical in its tilded form. Interestingly, 
we see that the terms in (6.12), (6.13) and (6.14) are of precisely the same form as those in 
(3.1), (3.3) and (3.5), which were the only terms in (A. 8), (A. 9) and (A. 10) that contributed 
in scattering amplitudes. This explains the high degree of redundancy in the representation 
of physical states in terms of the original fields, where many of the terms in a physical state 
seemed to be irrelevant in interactions. The new fields c, b, 7, (5 and (p thus provide what 
one might call a "minimal" formalism in which this redundancy is removed. 

All the above physical operators with continuous momentum have the form 

U0,^)ce^ x . (6.20) 

The ce tp ' x factor is reminiscent of an effective string theory. We conjecture that all prime 
physical operators with continuous momentum p M have the form (6.20) (or with d ~cc in the 
case of the conjugate physical operator). The discrete operators, on the other hand, do not 
factorise in this way. 

The ghost boosters and a Xfl take on simpler forms in terms of the new fields: 

ag, = [Qb, </?] = cd(p -Qdc 

+ ^ T v / 29^19 9 2 7 + 36^97 7 + 24^^7-24g^97) , (6.21) 
a XM = [Q B , X^} =cdX fl - i a^dc . 

Note that is equivalent to modulo a BRST-trivial term, since [Qb, &t] is BRST trivial. 
It is clear from (6.21) why the a Xfi ghost boosters generate just one physical operator at 
ghost number (G + 1) by acting on a prime operator at ghost number G, as we described in 
section 3: for an operator of the form (6.20), we get 

a x » U0, 7, <p) ce^ x = t (-lf( p » + a^) U0, 7, dcce^ x . (6.22) 
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From the form of the ghost boosters (6.21), it becomes clear that the entire quartet gen- 
erated from the physical operator (6.20) will admit an effective spacetime interpretation. 
Since, on the other hand, the discrete operators cannot be written in the form (6.20), a XfJ , 
generates d independent discrete operators rather than just one. Correspondingly, these 
boosted operators do not all admit an effective spacetime interpretation. 

The introduction of the tilded fields makes manifest an observation that we made pre- 
viously in section 2. There, we observed that in ordinary string theory one would get zero 
in (JV > 4)-point scattering amplitudes unless the replacement (2.14) is made for (JV — 3) of 
the operators, since each operator involves a c ghost, but that it was a priori not so clear 
that the same would be true in the W3 string. However, as we have now seen by using the 
tilded fields, all known physical operators with continuous momentum involve a factor of c, 
and thus the replacement (2.14) is necessary for the same reason as in ordinary string theory. 
Since discrete operators do not have this structure, the same reasoning does not apply, which 
is consistent with our findings in section 4 where the replacement (2.14) had to be omitted 
in order to get finite and non-zero results in amplitudes involving them. 

Another feature of the W3 string that becomes manifest in the new formalism is that 
tree-level iV-point amplitudes where all the external states have Lg ff = 1 are identical to 
those of the ordinary bosonic string. As an example, for effective tachyons we can take two 
£ = operators Wf[— ^Q,p] and Vf[— ^Q,p], and (iV — 2) operators V}[0,p] given in (6.11). 
As usual, one could replace the tachyons by excited effective spacetime states if desired. 

Finally, we give the form of the BRST operator in terms of the new fields: 



Q B = Qf+ jdz [cT^-3c/3<97-2c<9/37 

- i 7 (2(<9^) 3 + QQ d 2 ^ + f d 3 ^ + 9 d^p p&y + 3Q d/3 



(6.23) 



where 



and 



Qf = j dzc(T eS + lT g>5 ) , (6.24) 



Tq, = -\{d^>) 2 -Qd 2 Tp , (6.25) 

T~~ b = -2bdc-dbc . (6.26) 

Note that although Qff is not nilpotent, since T eff has central charge ^ and T~ ^ has 
central charge —26, it does have the property that it is nilpotent on the subspace spanned 
by c, 7, j3, (p and X M , but not on b, in the sense that 

[Qf,{QfM} = ~^d 3 Z. (6.27) 
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Although Qff is not itself nilpotent, by adding all the other terms involving c in (6.23) 
we obtain a nilpotent operator Qq. In fact writing Qb = Qo + Qi, with 

Qo = Qf + jdz (cT^ - 3cj3d^f - 2cd]3^) 

= fd Z c(T^ + T, + T^ + ^), (62g) 

Qt = -^V^i j dz^{2{d^f + QQd 2 ^pd^ + ^f <9 3 ^ + 9dpj3d^ + 3Q dp 67) , 

where T~ - R = — 3 (3 d^y — 2 d(3 7, the BRST charge separates into two independently nilpotent 
parts. The nilpotency of Q is easy to see because the total central charge of T eff + T-, +T~ ^ 
is 26, and the nilpotency of Q\ follows from that of Qb and Q . The splitting is very natural 
if we view it from another angle: Qq and Qi have different (c, b) and (7, (3) ghost numbers. 
Qo has (c, b) ghost number 1 and (7, (3) ghost number 0, while Qi has (c, 6) ghost number 
and (7, /5) ghost number 1. Thus we have 

Qb = Qo + Qi, 

Ql = Ql = {Qo, Qi} = o. 

This grading of the BRST operator provides an elegant starting point for studying its coho- 
mology. 



7. Conclusions 

In this paper we have investigated in detail the structure of the spectrum and the inter- 
actions of the open W3 string. We have seen that the physical spectrum displays a surprising 
variety of states. As well as the physical states of standard ghost structure, at ghost number 
G — 0, which have been known for a long time, it has been found that it also contains prime 
states at ghost numbers G — — 1, G — —2 and G = —3, and discrete prime states at G = — 1 
and G = —3. The prime states at G — —2 were found for the first time in this paper. We 
have reason to suspect that this is not the end of the story; it seems likely that physical 
more negative ghost numbers can exist too, both with continuous and with discrete 
momenta. We have also clarified the structure of the multiplets generated by the action 
of the ghost boosters and a Xfl on the prime states. For continuous-momentum prime 
states they generate a quartet of physical states, at ghost numbers {G, G + 1, G + 2} with 
multiplicities {1, 2, 1}. For discrete prime states they generate a (4d)-plet of discrete states 
at ghost numbers {G, G + 1, G + 2, G + 3} with multiplicities {1, d + 1, 2d — 1, d — 1}. 

All of the iV-point functions that we have calculated in [11] and in this paper have 
involved physical states that are tachyons from the effective-spacetime point of view. As we 
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have pointed out already, these effective tachyons can be replaced by excited effective physical 
states with the same Lq S values. (It is for states such as these that our unitarity discussion in 
section 5 applied.) The scattering amplitudes that we have presented can easily be modified 
to cover the case where such physical states with excitations in the effective spacetime are 
involved. This is because the excited physical states still have the form (3.7), and so the 
contribution from the ip and ghost fields will be the same as in the purely tachyonic case. 
Thus the standard techniques developed for calculating tree amplitudes for excited states in 
the bosonic string can be carried over to the W3 string. 

All the known physical states with continuous momentum p M admit an effective space- 
time interpretation as given in (3.7), and have effective intercepts Lff 1 = 1, i| or |. We 
have conjectured that these features will hold for all physical states in the W3 string with 
continuous p M momentum. 

An important consequence of the fact that physical states with continuous momentum p M 
admit such an effective spacetime interpretation is that scattering amplitudes factorise into 
two parts. The first part involves only the effective spacetime states and the second involves 
only the ghost fields and the p coordinate. The result of the second part, and therefore the 
entire amplitude, is universal in the sense that for a given set of Lg ff values for the external 
states, the result from the ghost and ip fields is always the same, up to a constant coefficient. 
This coefficient is zero if any selection rule is violated. We have encountered several selection 
rules in this paper. One is that the total ghost structure must be of the form (2.15); another 
is the ^-momentum conservation law (2.16); and another is that an (N > 4)-point function 
will vanish if any of its underlying three-point functions vanishes. 

It is very striking that the frozen coordinate p is more akin to the ghost fields than to 
the effective coordinates X M . In fact the momentum conservation law (2.16) is rather similar 
to the condition that the total ghost structure must be as in (2.15) to have a non- vanishing 
inner product. This similarity becomes particularly evident if one bosonises the ghosts. In 
fact in section 6, we have shown that by performing a redefinition of the quantum fields 
in which the ghosts and the p field are mixed, great simplifications occur. In our previous 
paper on the interacting W3 string, we argued that the existence of physical states involving 
excitations of the ghost fields was suggestive of the fact that it may be inappropriate to look 
for a classical correspondence principle for the W% string [11]. The results of this paper, and 
particularly of section 6, reinforce this suggestion. They also strengthen our belief that a 
complete understanding of W^-geometry can only be achieved at the quantum level, when 
the ghosts are included. 

In this paper we have been concerned only with tree-level amplitudes. The evaluation 
of loop amplitudes remains an interesting open question. We expect that some new features 
should arise. For example, one of the results in this paper is that the tree level amplitudes 
involving only Lq S = 1 states are the same as in the ordinary bosonic string. At loop level, 
however, states with Lq S = y| and \ will presumably also run around the loops, giving 
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results that may differ from those of string theory. Since the Lq S = 1 sector of the W$ string 
includes massless states, we may thus expect that the low energy limit of the W3 string 
might differ from that of the usual string. 

ACKNOWLEDGMENTS 

We are grateful to John Dixon, Mike Duff and Peter West for discussions. Stany Schrans 
is indebted to the Center for Theoretical Physics at Texas A&M University for hospitality 
and support. We have made extensive use of the Mathematica package OPEdefs [22] written 
by Kris Thielemans for the computations in sections 3 and 6. 



NOTE ADDED 

After this preprint was circulated, a paper by Freeman and West on related topics 
appeared [23]. They assert that the procedure we introduced in [11] for calculating W3 
string scattering amplitudes is incorrect, and that it gives results that violate unitarity 
and the assumptions of S-matrix theory. This is not the case, and in fact the authors of 
[23] explicitly use the procedure of [11] for computing W3 scattering amplitudes, including 
our use of ghost boosters and the replacement (2.14) in order to achieve the correct ghost 
structures for non-vanishing correlation functions. 

The authors of [23] introduce a screening charge S = §dzU(z) in order to obtain 
further scattering amplitudes beyond those that we have computed. It is easy to see that 
this screening charge is related by a descent equation to our i = 6 discrete state D°[fQ] 
given in (6.18). In fact, in the new formalism introduced in section 6 of this paper, their 

~ -o~ 

screening current U, after removing a total derivative, is simply given byU = (3er^, and 
satisfies {Qb,U} = ■^■dD°[^Q]. Conversely, we see that U can be obtained from D°[^Q] 
by making the replacment (2.14). In fact the screening charge S given in [23] is nothing but 
a special case of our standard replacement of a spin physical state by a spin 1 current that 
can be integrated over the worldsheet to give BRST-invariant amplitudes. Not surprisingly, 
therefore, the new amplitudes obtained in [23] by including screening charges are in on-to- 
one correspondence with amplitudes that we can compute by including discrete states. In 
particular, we have checked that the scattering amplitude (y| y| y| D y|) for four L eS = i| 
states (one from ghost-boosting (6.7) and three from (6.8), as in [23]) and the discrete state 
D = D°[jQ] agrees with the result for the four-point function (^| j| j| ^| S) obtained in 
[23]. 
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In all the examples of scattering amplitudes involving discrete states that we discussed 
in section 4, the discrete states could normal order with external physical states to give new 
physical states. The new result of [23] amounts to the observation that there are further 
amplitudes that can be obtained, using the formalism that we presented in [11] and this 
paper, by including discrete states that cannot normal order with the external physical 
states. By this means, one can indeed obtain scattering amplitudes involving more than two 
L eS = i| external states. Our statements on this point in section 4 apply only to the case 
where no discrete states are involved. 

Our formalism for describing W3 string scattering does not suffer from any of the defi- 
ciencies mentioned in [23], and indeed, since the authors of [23] perform all their calculations 
by using the procedures that we have developed, (or, in the case of amplitudes involving 
screening charges, a procedure that is directly equivalent to ours), their results necessarily 
agree with ours. 

We are grateful to the authors of [23] for encouraging us to look further at scatter- 
ing amplitudes involving discrete states. S.S. is grateful to Jose M. Figueroa-O'Farrill for 
discussions about the screening charge. 
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APPENDIX 



In this appendix we present the explicit forms of the various prime physical operators 
that we use in this paper. In cases where there is a freedom to add BRST-trivial pieces, 
this is always precisely sufficient to enable us to write the operators so that they admit 
an effective spacetime interpretation. It is in this form that we present the operators. We 
first list the physical operators with continuous momentum p M , and then those with discrete 
momentum. 

Prime operators with continuous momentum 
• l = Q, G = 3 : 

V 3 1 [-lQ,p}=cd 11 e- 8 7 Q ^e^ x , (Al) 

V?[-fQ,p] = c<9 77 e-f Q V p ' x , (A2) 
V? 5/16 [-g,p] = c9 7 7e- Q ^ x . (A3) 



e=l, G = 2: 



V? 5 /i 6 [-?Q,P] = (c7 + ^7) e-fae** , (A4) 
V? /2 [-|Q,p] = (c 7 - ^^77) e-fae** . (A5) 



3V58 

i 

3^58 

• £ = 2, G = 2: 



V? /2 [-fQ,p] =-^(^977 + >/58i^c7-§v^9ic97 



- fV2d 2 77 - fv^ bc&yi)e~7 

3, G = 1: 



2 

jQ<P e ip-X 



(A6) 



V 1 1 [0,p]= (c- J T ^77-^v / 29^^7 + T ?4V / 58^7)e^ x . (A7) 
« l = 4, C = I : 

V^/iet^^] = (^7 + 3|gV / 58^9 2 77 - %Pd 11 - ^^Mic(5 1 - \V2dpb C1 

+ A^/29 % dp b 977 ~ f >/29 i cty?c — dip dtp 7 + |a/2 dip 87 + j^dbcy 
+ 35_^5Sidbd-f^ -\V2d 2 p 1 +\d 2 1 }J? Qv e ip - x . (A8) 
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• I = 5, G = 1: 



Vi[f<5,p] = (&c/?9 7 7 - TEbcd 2 ^ - 1 ^^Mibd 2 1 d 1 - ^ y /58ibd 3 11 + \$d 2 11 

- ^V58ic(3d-f + ^V58icd(3-f - ^V2difbcd-f - ^V29idifbd 2 -f-f 

+ ±V2d(pPdry+%V2Qid(pcP'y+-^d(pd(pbc'y - j^V^Si dipdip bfryy 
+ 1^/58^^9930+ j^\/2 dp dp dp ^ — ^dpdpd^y + \\pldpdbc^ 

- ^qV2S i dip dbd-f-f - ^V2 dip d 2 -f - ^V58idbbcd-f-f - ^dbcd-f 
19 - / 58i9&9 2 7 7 + ii<9 / 3<97 7 + W2dV&c7- iW29idV&d77 



1305 v " w -^"^ / / 1 10 ^ "II 1 3 v^^^"^/ 145 

+ ±V29id 2 <pc+^d 2 <pd<p7- §V2d 2 pd-f - ^<9 2 6c 7 

[ v / 58*9 2 &9 77 + |V29 3 v97 - 49 3 7 )ef Q ^e^ x . (A.9) 



19 
1044 



+ 



+ 



• 1 = 8, g = : 

V? /2 [fQ,p] = 

6 /3 9 3 7 7 - ±g V2 b (3 9 2 7 9 7 + ^ 729 i 6 c /3 9 2 7 - ^ V29 i b c d(3 9 7 

+ ^V29tbcd 2 p-f- § I V2bdpd 2 -f-f + ^V2bd 2 pdj- f + ^V2bd 4 j 
+ ^V29i/39 3 7 + 3V2c9/3/3 7 - \V2cd 2 (3 + |f 9^6/3 9 2 7 7 + ±V2Qi dtp be 8(3 7 
■ §dp b 8(3 9 7 7 - ^9y? 6 9 3 7 + 9y? c 9/3 - ^9y? dp dpdb^- §±V2dp dpdbbc^ 

^g^V^idpdpdbbd^^ - ±V23idpdpdbc+§V2dpdp db 9 7 
r ±V2Qid<pd<pdP'y + ^^IdpdpdH^ + ^dpdbbcd 1 + ^ 758^9^96 6 9 2 7 7 

- §dpdb{3d^^ - ^V^idpdbcfi^ - ^V$8idpd{3d-f - ^dpdHbc-f 
+ ^V58idpd 2 bbd-f-f + ^V58idpd 2 bc-^dpd 2 bd-f - ±V58idpd 2 Pi 

- ±dpd 3 b-f - ±V2dbbcPd77 + ^^Idbbcd 2 ^ - ^V^idbbd 2 1 d 1 
+ g|f| T V29i9669 3 7 7 + § f V2dbl3d 2 11 + J^V29idbc{3 d-f - ^V29idbcd(3-f 

- ^^2 969/3 977 + ^V2 969 3 7 + i|V29i9/3/39 7 7- ^V29i9/39 2 7 
+ ^9 2 v?6/9977 + ^9 2 v?&9 2 7 + §V58id 2 p(3d-f - 3d 2 pc(3 + § f V23id 2 pdpbc 

- §V2d 2 pdpbd^ - ±V23id 2 pdp + § I d 2 pdpdpb 1 - ^V2d 2 pdpdb-f 
~ §id 2 pdbb C1 - Y §^V58id 2 pdbbdff + f^VhSid 2 pdbc+^d 2 pdbd 1 
+ ^V58id 2 pdf3-f + ^V29id 2 pd 2 p + ^pdH-f + ^V2d 2 bbcd-f 
+ 2^&7V%i9 2 669 2 7 7 + gv / 2 9 2 &/39 77 + ±V29id 2 bc(3 1 - ^V2d 2 bdb cl 

- T if|gV / 29i9 2 69697 7 + ^v / 2 9 2 69 2 7 + ^ E v / 29id 2 (3d 1 + ±V58id 3 pbc 

- § l d 3 pbd 1 - ^V58id 3 p[3-f + ^V2d 3 pdpb-f - § f V%)id 3 pdp 



^V29 3 69 7 + £ i d*<pb>y+±VE8id i <p + ^V2 d%^el Q e^ x . (A10) 



Prime operators with discrete momentum 
mi = \, G = 2: 



D 2 [-fQ] = (c 7 - -L-fry^e-yO* , (All) 
D 2 [-fQ] = (c 7 + * fry^e"! • (A12) 



• £ = 4, G = 0: 



• £ = 6, G = 0: 



D°[0] = 1 . (A13) 



D°[f Q] = (6/3977 - |v / 58ifoc/3 7 - ±§&<9 2 7 - %Vv&i(3d 1 + 

- ^V29idifbc- ^V2difbd-f - ^V29idif(3-f - ^V58idifdif + ^difdifb-f 
+ ±V2d(pdb-f - ±dbbcy + ^Vteidbbfryy - ^Vteidbc- %dbd-f 

- iV^idfi^ -%V29 id 2 p+ j E V2d 2 V b 1 - ^b^e^^ . 

(A 14) 
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